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Abstract
In the framework of Nonlinear Elasticity, the asymptotic behavior of the free energy of a martensitic material is studied as the
height of the sample tends to zero. The effective thin film energy is identified in terms of parametrized probability measures, which
allows for a justification of the kinematic compatibility conditions proposed in Bhattacharya and James’ theory of thin films of
martensitic materials, in the absence of higher order interfacial energy contributions to the three-dimensional bulk energy.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Equiintegrability; Free energy; Kinematic compatibility; Martensite; Thin films; Young measures
1. Introduction
Let ω ⊂R2 be an open, bounded domain with Lipschitz boundary, I := (− 12 , 12 ), and define Ωε := ω×εI . Follow-
ing Ball and James’ geometrically nonlinear theory of martensite [3], we will regard Ωε as a thin three-dimensional
elastic body whose behavior is governed by a bulk free energy of density W : M3×3 × (0,+∞) → [0,+∞). Here
W is continuous, and for (A, θ) ∈ M3×3 × (0,+∞), W(A,θ) represents the free energy per unit reference volume
of the material at deformation gradient A and temperature θ . We make the frame indifference and material symmetry
assumptions
W(QA,θ) = W(A,θ) for all Q ∈ SO(3), (A, θ) ∈M3×3 × (0,+∞), (1.1)
and
W(AH,θ) = W(A,θ) for all H ∈ P, (A, θ) ∈M3×3 × (0,+∞), (1.2)
where P is the point group of the austenite phase at the Curie temperature θC—the temperature where both the
austenite and martensite phases of the material have the same free energy density. We also assume that
For θ > θC, W(·, θ) is minimized on SO(3)U0, (1.3)
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For θ  θC, W(·, θ) is minimized on
n⋃
i=1
SO(3)Ui, (1.4)
where for each i = 0, . . . , n, Ui ∈ M3×3 is a positive definite symmetric distortion matrix, and SO(3)Ui :=
{QUi : Q ∈M3×3, QT Q = I, detQ = 1}.
In [5] the total free energy of a deformation u : Ωε → R3 of a three-dimensional film occupying the reference
domain Ωε is assumed to be the given by the sum of a potential (elastic) energy and an interfacial energy∫
Ωε
W
(∇u(y), θ)dy + k
∫
Ωε
∣∣∇2u(y)∣∣2 dy, (1.5)
where ∇u and ∇2u denote, respectively, the gradient and the Hessian matrix associated to the deformation u. In what
follows, the temperature θ will be fixed, and it will be suppressed from the notation. As it is usual in dimensional
reduction, to study the limiting energy as the thickness ε tends to zero we recast energy functionals over varying
domains Ωε into functionals with a fixed domain of integration Ω := ω × I through a 1ε -dilation in the transverse
direction. More precisely, we change variables
x1 = y1, x2 = y2, x3 = 1
ε
y3,
and to each deformation u : Ωε → R3 we associate a rescaled deformation v : Ω → R3 defined by v(x) := u(y(x)),
x = (x1, x2, x3) ∈ Ω . After rescaling the energy (1.5) by a factor of 1ε , it becomes
Ek,ε(v) :=
∫
Ω
W
(
∇αv
∣∣∣∣1ε∇3v
)
dx + k
∫
Ω
(∣∣∇2αv∣∣2 + 2ε2 |∇αv,3|2 +
1
ε4
|v,33|2
)
dx, (1.6)
where ∇αv stands for the 3×2 matrix of partial derivatives vi,α = ∂vi∂xα , i ∈ {1,2,3}, α ∈ {1,2}, (A|a) ∈M3×3 denotes
a 3 × 3 matrix whose first two columns are those of the 3 × 2 matrix A ∈ M3×2 and the last column is the vector
a ∈R3, ∇3v = v,3 is the three-dimensional vector of derivatives of v with respect to x3, and ∇2αv := (v,11, v,22, v,12).
The following result is fundamental in the development of the theory of thin films of martensitic materials proposed
by Bhattacharya and James in [5].
Theorem 1.1. (See Theorem 3.1 in [5].) Let A = (a1|a2|a3) ∈M3×3 be given, and assume that W satisfies the growth
and coercivity condition
c1
(|Λ|2 − 1)W(Λ) c2(|Λ|p − 1) for all Λ ∈M3×3, (1.7)
where c1, c2 are positive constants, and 2 < p < 6. For every ε > 0, there exists a minimizer vε ∈ W 2,2(Ω;R3) of
Ek,ε(v) subject to the boundary condition
v(x) = Aεx, x ∈ ∂ω × I, Aε := (a1|a2|εa3).
The family of minimizers {vε} has a subsequence (not relabeled) such that
∇2αvε → ∇2αv,
1
ε
∇αvε,3 → ∇αb, and
1
ε2
vε,33 → 0 strongly in L2(Ω), (1.8)
where v and b are independent of x3, and the pair (v, b) minimizes the limiting energy
Ek,0(v, b) :=
∫
ω
(
W(∇αv|b) + k
(∣∣∇2αv∣∣2 + 2|∇αb|2))dx1 dx2 (1.9)
among all (v, b) ∈ W 2,2(ω;R3) × W 1,2(ω;R3) satisfying the boundary conditions
v(x1, x2) = a1x1 + a2x2, b(x1, x2) = a3, (x1, x2) ∈ ∂ω. (1.10)
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describes the shear and expansion of the cross-section of the film, while the mapping v : ω →R3 describes the average
deformation of the film. Note that in the minimization of the limiting energy (1.9) v and b are independent, although
they both arise from the sequence of minimizers {vε}: up to a subsequence, v is the weak limit of {vε} in W 2,2(Ω;R3),
while b is the weak limit of { 1
ε
∇3vε} in W 1,2(Ω;R3).
To study thin film deformations (v, b) which minimize the limiting energy Ek,0, Bhattacharya and James argue
in [5] that based on bulk measurements it is expected that the strength parameter k of the interfacial energy will be
much smaller than a typical elastic modulus governing the growth of W away from an energy well, and thus, if the
film is large enough, a reasonable approximation can be obtained by setting k = 0. This has led them to consider an
approximate effective energy of the thin film, defined by
E0,0(v, b) =
∫
ω
W(∇αv|b)dx1 dx2. (1.11)
Based on the structure of W described in (1.1)–(1.4), it then follows that deformations that minimize the energy (1.11)
are exactly deformations (v, b) which satisfy
(∇αv|b) ∈
n⋃
i=0
SO(3)Ui. (1.12)
The study of thin film deformations obeying the partial differential inclusion (1.12) has led to an understanding of
the way in which the interfaces between the different variants of martensite form in martensitic thin films; these
predictions on the microstructure of martensitic thin films turn out to be quite different from the corresponding ones
available from the theory of bulk martensitic materials (see [2]). This has very important applications in the design of
microactuators: by patterning the film such that it is released along the exact interfaces predicted by the thin film theory
one can design structures which take the shape of “tents” or “tunnels” below the Curie temperature and which collapse
when heated above θC . Explicit computations are given in [5] for martensitic materials in the systems NiMnGa, NiTi,
NiTiCu, and NiAl for various chemical compositions.
After the publication of [5] the problem of deriving exact thin film theories starting from the three-dimensional
energy (1.5) has been undertaken in several papers via dimensional reduction by means of Γ -convergence. Rather
than keeping k fixed in the limiting process (as the thickness ε of the sample tends to zero) and then neglecting the
resulting limiting interfacial energy altogether by taking k = 0 in (1.9), the aim has been to propose effective thin film
energies which arise as limiting energies by studying the asymptotic behavior of the total energy (1.5) when both the
thickness ε of the three-dimensional sample and the parameter k in the interfacial energy tend to zero. In the context
of heterogeneous thin films, modeled by an explicit dependence of the energy density W on the position x in the
sample, Shu [13] has investigated the different regimes which correspond to the relative strengths of the parameters ε,
k, and the size of the heterogeneities. He found that the resulting effective theory is independent of the ratio k
ε
, and that
simple energy minimizing deformations (leading to the “tents” and “tunnels” of Bhattacharya and James’ theory) can
still be constructed starting from vector fields (v, b) which minimize the energy (1.11) among all (v, b) independent
of x3 and subject to appropriate boundary conditions. Shu’s analysis a priori minimizes the Cosserat vector out of
the computed energy, and, consequently, it does not account for cross-sectional behavior. More recently, Fonseca,
Francfort and Leoni [9] have investigated both mid-surface and cross-sectional behavior by means of an asymptotic
analysis as ε → 0+ of the energy (1.5) in the case where k = εγ , for three different regimes: γ < 2, γ = 2, and γ > 2.
Their analysis shows that when cross-sectional behavior is taken into account the asymptotic behavior of the thin film
strongly depends upon the ratio k
ε
between the thickness and the strength of the interfacial energy.
In this paper we depart from the points of view adopted in [9] and [13], in that our focus will be on trying to
understand whether the kinematic compatibility conditions obtained by Bhattacharya and James in [5], which form
the centerpiece of their martensitic thin film theory, are still valid when an asymptotic analysis is performed in the
absence of the interfacial energy, starting from a purely elastic bulk energy.
We note that a result in the spirit of Theorem 1.1 with a limiting energy resembling (1.11) is not possible in our
setting, for several reasons. First, the presence of the interfacial energy in (1.6) is precisely what provides the existence
of minimizers vε (obtained via the direct method of the Calculus of Variations) in W 2,2(Ω;R3) for Ek,ε(v) subject to
the given boundary conditions. When k = 0, the existence of minimizers for E0,ε(v) is not guaranteed anymore, since
we cannot realistically assume any type of convexity conditions on W . Second, if one considers a sequence of approx-
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the energy E0,ε(v) will only ensure that {vε} and { 1ε∇3vε} converge (up to a subsequence) weakly in W 1,p(Ω;R3)
and Lp(Ω;R3), respectively. This situation is strikingly different from what happens when the total rescaled energy
is assumed to be Ek,ε(v), with k = 0. Indeed, in that case the sequence of minimizers {vε} automatically satisfies (up
to a subsequence) vε ⇀ v weakly in W 2,2(Ω;R3), and 1
ε
∇3vε ⇀ b in W 1,2(Ω;R3). The weak convergence in better
functional spaces is a direct consequence of the presence of the interfacial energy in the expression of the total energy;
moreover, the restriction 2 < p < 6 on the growth coefficient in (1.7) ensures (via Rellich’s theorem) that vε → v
strongly in W 1,p(Ω;R3), and 1
ε
∇3vε → b strongly in Lp(Ω;R3), thus making the computation of the limiting en-
ergy (1.9) possible. In the absence of an interfacial energy the weak convergence of {vε} in W 1,p(Ω;R3) and that of
{ 1
ε
∇3vε} weakly in Lp(Ω;R3) (with 1 < p < +∞) cannot be improved. This is the main reason why the computation
of the effective energy in this case requires a different analysis.
In this paper we address these issues by making use of Young measures, which allow us to handle the action of the
nonlinear energy on weakly converging sequences of scaled gradients and to address the issue of the validity of the
kinematic compatibility conditions described above.
We work in the general framework of heterogeneous thin films by assuming an explicit dependence of W on x ∈ Ω .
The rescaled total energy of a deformation v : Ω →R3 is taken to be of the form
Eε(v) :=
∫
Ω
W
(
x,
(
∇αv
∣∣∣∣1ε∇3v
)
(x)
)
dx. (1.13)
Here, the elastic energy density W : Ω×M3×3 →R is a Carathéodory function satisfying the p-growth and coercivity
condition
1
C
|Λ|p − C W(x,Λ) C(1 + |Λ|p) (1.14)
for L3-a.e. x ∈ Ω and for all Λ ∈M3×3, where p > 1, C > 0 are real constants, and |Λ| :=√tr(ΛT Λ) stands for the
usual Euclidean norm on the space of real 3 × 3 matrices. We propose an effective thin film energy defined on the
space of Young measures generated by scaled gradients, defined below.
Definition 1.2. Let A := (a1|a2|a3) ∈M3×3 and p ∈ (1,+∞) be given. We say that μ = {μx}x∈Ω is a scaled gradient
Young measure, and we write μ ∈ Y(p,A), if μ is a Young measure generated by a sequence {(∇αvn| 1εn ∇3vn)}
bounded in Lp(Ω,M3×3), with εn → 0+, {vn} ⊂ W 1,p(Ω;R3), and vn(x) = Aεnx := (a1|a2|εna3)x, x ∈ ∂ω× I . Up
to a subsequence, the weak limit of {vn} in W 1,p(Ω;R3) is called an underlying deformation for μ, and the weak
limit of { 1
εn
∇3vn} in Lp(Ω;R3) is said to be a Cosserat vector associated to μ.
Let {εn} be a sequence of positive real numbers converging to zero. For each n ∈N, let un ∈ W 1,p(Ω;R3) be such
that un(x) = Aεnx, x ∈ ∂ω × I , and
in 
∫
Ω
W
(
x,
(
∇αun
∣∣∣∣ 1εn ∇3un
)
(x)
)
dx  in + εn, (1.15)
where
in := inf
{Eεn(u): u ∈ W 1,p(Ω;R3), u(x) = Aεnx for x ∈ ∂ω × I}< +∞.
We say that un is an approximate minimizer for Eεn . Our main result is
Theorem 1.3. For any sequence {εn} of positive real numbers converging to zero, the sequence {un} ⊂ W 1,p(Ω;R3)
of approximate minimizers for Eεn admits a subsequence (not relabeled) such that {(∇αun| 1εn ∇3un)} generates a
scaled gradient Young measure ν ∈ Y(p,A) which minimizes the effective thin film energy
E0(μ) :=
∫
Ω
∫
M3×3
W(x,Λ)dμx(Λ)dx (1.16)
among all scaled gradient Young measures μ ∈ Y(p,A).
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we state several additional results which are needed in the sequel. Section 3 is devoted to the proof of Theorem 1.3. In
Section 4 we point out some consequences of Theorem 1.3 regarding the kinematic compatibility conditions in thin
martensitic films.
2. Equiintegrability and Young measures
Let Ω be an open subset of RN (N  1). In what follows, LN stands for the Lebesgue measure in RN .
Definition 2.1. A sequence {yj } in Lp(Ω) (1 p < +∞) is p-equiintegrable (equiintegrable if p = 1) if for all ε > 0
there exists δ > 0 such that
sup
j∈N
∫
E
|yj |p dx < ε
whenever E is a Borel subset of Ω such that LN(E) < δ.
The following well-known result gives several conditions which are equivalent to p-equiintegrability.
Proposition 2.2. Let Ω ⊂RN be an open, bounded domain, and let {yj } ⊂ Lp(Ω) (1 p < +∞).
(i) (Dunford–Pettis) The sequence {yj } is p-equiintegrable if and only if {|yj |p} is relatively weakly compact in
L1(Ω);
(ii) the sequence {yj } is p-equiintegrable if and only if
lim
R→∞ lim supj→∞
∫
{x∈Ω: |yj (x)|>R}
|yj |p dx = 0;
(iii) (De la Valée–Poussin) the sequence {yj } is p-equiintegrable if and only if there exists Θ : [0,+∞) → [0,+∞)
such that
lim
t→∞
Θ(t)
t
= +∞ and sup
j∈N
∫
Ω
Θ
(|yj |p)dx < +∞.
LetM(Rd) be the space of bounded Radon measures on Rd . A map ν : Ω →M(Rd) is said to be weak* measur-
able if x → 〈ν(x),ϕ〉 is measurable for every ϕ ∈ C0(Rd). In the sequel we will denote ν(x) by νx .
Definition 2.3.
(i) A function f : Ω ×Rd →R∪ {+∞} is called normal if f is Borel measurable and f (x, ·) :Rd →R∪ {+∞} is
lower semicontinuous for every x ∈ Ω .
(ii) A real-valued function f : Ω ×Rd →R is called Carathéodory if both f and −f are normal.
Theorem 2.4 (The fundamental theorem on Young measures). (See [1,4,14]; also [10,11].) Let Ω ⊂ RN be a mea-
surable set of finite measure and let {yj } be a sequence of measurable functions, yj : Ω → Rd . Then there exist a
subsequence {yjk } ⊂ {yj } and a weak* measurable map ν : Ω →M(Rd) such that the following hold:
(i) νx  0, ‖νx‖M(Rd ) :=
∫
Rd
dνx  1, for LN -a.e. x ∈ Ω ;
(ii) ‖νx‖M(Rd ) = 1 if and only if either
lim
R→∞ supk∈N
LN ({x ∈ Ω: ∣∣yjk (x)∣∣R})= 0
or
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and such that sup
k∈N
∫
Ω
g
(
yjk (x)
)
dx < +∞
hold. In this case we say that ν is a Young measure generated by the sequence {yjk };
(iii) if K ⊂ Rd is compact and dist(yjk ,K) → 0 in measure as k → ∞, then suppνx ⊂ K for LN -a.e. x ∈ Ω . The
converse also holds provided that ‖νx‖M(Rd ) = 1;
(iv) if ν is generated by {yjk }, f : Ω ×Rd →R∪ {+∞} is normal, and {f−(·, yjk )} is equiintegrable, where f− :=
−min{f,0}, then
∫
Ω
∫
Rd
f (x,Λ)dνx(Λ)dx  lim inf
k→∞
∫
Ω
f
(
x, yjk (x)
)
dx;
(v) if ν is generated by {yjk }, and f is Carathéodory, then {f (·, yjk )} is equiintegrable if and only if
∫
Ω
∫
Rd
f (x,Λ)dνx(Λ)dx = lim
k→∞
∫
Ω
f
(
x, yjk (x)
)
dx.
Young measures have been originally introduced by L.C. Young in connection to nonconvex problems arising
in Optimal Control Theory. Their use in the Calculus of Variations has led to useful descriptions of generalized
minimizers (see [17,18]). Later, Tartar developed the use of Young measures in the PDE framework (see [14–16]).
For more details regarding the study of Young measures we refer to the monographs [8] and [12].
Proposition 2.5. If a sequence {vn} of measurable functions vn : Ω → Rd generates a Young measure ν and if
wn → w in measure, then the sequence {vn + wn} generates the translated Young measure ν = {νx}x∈Ω defined by
νx := Γw(x)νx , where, for a ∈ Rd , ϕ ∈ C0(Rd) and μ ∈M(Rd), we define 〈Γaμ,ϕ〉 := 〈μ,ϕ(· + a)〉. In particular,
if {un} is a sequence of measurable mappings from Ω into Rd such that vn − un → 0 in measure then {un} also
generates ν.
The following decomposition result for scaled gradients (see [6]) will play an important role in the proof of The-
orem 1.3. The proof in [6] uses Lp estimates for maximal functions, Lipschitz extensions of Sobolev maps, and
De Giorgi’s slicing method. An alternative proof, based on the De la Valée–Poussin criterion, has been recently pro-
posed by Braides and Zeppieri (see [7]).
Theorem 2.6. Let Ω := ω× I , where ω ⊂R2 is an open, bounded Lipschitz domain, let {εn} be a sequence of positive
real numbers converging to zero, and let {vn} be a bounded sequence in W 1,p(Ω,R3) (1 < p < +∞) satisfying
sup
n∈N
∫
Ω
∣∣∣∣
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
∣∣∣∣
p
dx < +∞.
Then there exists a subsequence {vnk } of {vn} and a sequence {wk} ⊂ W 1,∞(Ω,R3) such that
(i) limk→∞L3({x ∈ Ω: wk(x) = vnk (x)} ∪ {∇wk(x) = ∇vnk (x)}) = 0;
(ii) {(∇αwk| 1εnk ∇3wk)} is p-equiintegrable.
Suppose further that vn ⇀ v weakly in W 1,p(Ω,R3) and 1εn ∇3vn ⇀ c weakly in Lp(Ω,R3). Then the subsequence{vnk } of {vn} and the sequence {wk} satisfying (i)–(ii) can be chosen such that, in addition,
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and
(iv) 1
εnk
∇3wk ⇀ c weakly in Lp(Ω,R3).
3. The effective thin film energy
In this section we prove Theorem 1.3. Let εn → 0+, and consider a sequence {un} ⊂ W 1,p(Ω;R3) of approximate
minimizers for Eεn , with un(x) = Aεnx, x ∈ ∂ω × I , and such that (1.15) holds. Testing with u(x) := Aεnx in the
definition of in, and using the growth condition in (1.14), we obtain
in 
∫
Ω
W(x,A)dx  C
(
1 + |A|p)L2(ω) for all n ∈N,
and, by (1.15), we have that
sup
n∈N
∫
Ω
W
(
x,
(
∇αun
∣∣∣∣ 1εn ∇3un
)
(x)
)
dx < +∞.
Thus, in view of the coercivity condition in (1.14), {∇un} and { 1εn ∇3un} are bounded in Lp(Ω;M3×3) and Lp(Ω;R3),
respectively. Taking into account the boundary conditions, and in view of Poincaré’s inequality, we deduce that
{un} is bounded in W 1,p(Ω;R3). Hence, we may extract a subsequence (not relabeled) such that un ⇀ u weakly
in W 1,p(Ω;R3), 1
εn
∇3un ⇀ c weakly in Lp(Ω;R3), and the sequence {(∇αun| 1εn ∇3un)} generates a scaled gradient
Young measure ν ∈ Y(p,A) with underlying deformation u ∈ W 1,p(ω;R3) (u independent of x3) and Cosserat vector
c ∈ Lp(Ω;R3). It remains to show that we have
E0(ν) = min
{E0(μ): μ ∈ Y(p,A)}. (3.1)
Clearly, since ν ∈ Y(p,A), all we need to show is that
E0(ν) inf
{E0(μ): μ ∈ Y(p,A)} (3.2)
holds. To this aim, consider μ ∈ Y(p,A) arbitrary, and let {vn} ⊂ W 1,p(Ω;R3) be such that vn(x) = Aεnx, x ∈
∂ω × I , {(∇αvn| 1εn ∇3vn)} is bounded in Lp(Ω;M3×3) and it generates μ, vn ⇀ v weakly in W 1,p(Ω;R3) (with v
independent of x3, and v(x1, x2) = a1x1 + a2x2, (x1, x2) ∈ ∂ω), and 1εn ∇3vn ⇀ b weakly in Lp(Ω;R3).
In view of the decomposition Theorem 2.6 and taking into account Proposition 2.5, we may assume, without loss
of generality, that the sequence {(∇αvn| 1εn ∇3vn)} is p-equiintegrable, generates μ, vn ⇀ v weakly in W 1,p(Ω;R3),
1
εn
∇3vn ⇀ b weakly in Lp(Ω;R3). Thus, by part (v) of Theorem 2.4,
lim
n→∞
∫
Ω
W
(
x,
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
)
dx =
∫
Ω
∫
M3×3
W(x,Λ)dμx(Λ)dx. (3.3)
The price to pay is that the lateral boundary conditions vn(x) = Aεnx, x ∈ ∂ω × I , are no longer necessarily satisfied.
The following lemma shows that we can modify the sequence {vn} so that the lateral boundary conditions are again
matched without increasing the energy, and while preserving the key properties of the original sequence.
Lemma 3.1. Let {vn} ⊂ W 1,p(Ω;R3) be such that {(∇αvn| 1εn ∇3vn)} is p-equiintegrable, generates μ, vn ⇀ v weakly
in W 1,p(Ω;R3) (with v independent of x3, and v(x1, x2) = a1x1 + a2x2, (x1, x2) ∈ ∂ω), and 1εn ∇3vn ⇀ b weakly in
Lp(Ω;R3). Then there exists a sequence {wn} ⊂ W 1,p(Ω;R3) such that
wn(x) = Aεnx, x ∈ ∂ω × I ; (3.4){(
∇αwn
∣∣∣∣ 1 ∇3wn
)}
generates μ; (3.5)
εn
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lim inf
n→∞
∫
Ω
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
))
dx  lim
n→∞
∫
Ω
W
(
x,
(
∇αvn
∣∣∣∣ 1εn ∇3vn
))
dx. (3.6)
Thus, taking into account (3.4), we have∫
Ω
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
dx  in for all n ∈N. (3.7)
In view of (3.3), (3.6), (3.7), and (1.15), we deduce that∫
Ω
∫
M3×3
W(x,Λ)dμx(Λ)dx = lim
n→∞
∫
Ω
W
(
x,
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
)
dx
 lim inf
n→∞
∫
Ω
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
dx
 lim inf
n→∞ in
= lim inf
n→∞
∫
Ω
W
(
x,
(
∇αun
∣∣∣∣ 1εn ∇3un
)
(x)
)
dx

∫
Ω
∫
M3×3
W(x,Λ)dνx(Λ)dx,
where the last inequality follows, via Theorem 2.4, from the fact that the sequence {(∇αun| 1εn ∇3un)} generates the
scaled gradient Young measure ν ∈ Y(p,A). Since μ ∈ Y(p,A) was arbitrary, we obtain that (3.2) holds, which
concludes the proof of Theorem 1.3. It remains to prove Lemma 3.1.
Proof of Lemma 3.1. We use an argument based on De Giorgi’s slicing method. Let
M := sup
n∈N
∫
Ω
∣∣∣∣
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
∣∣∣∣
p
dx < +∞ (3.8)
and, for every n ∈N, define
kn :=
[‖vn − v − εnx3a3‖− 12Lp(Ω;R3)
]
,
where [z] stands for the integer part of the real number z. Note that since vn ⇀ v weakly in W 1,p(Ω;R3), we have
that vn − v − εnx3a3 → 0 strongly in Lp(Ω;R3), and thus kn → ∞ as n → ∞. Let Mn := [√kn ], and define
ωn :=
{
xα ∈ ω: dist(xα, ∂ω) < Mn
kn
}
.
We have L2(ωn) → 0 as n → ∞. We subdivide ωn into Mn disjoint subsets ωn,i defined by
ωn,i :=
{
xα ∈ ω: dist(xα, ∂ω) ∈
[
i
kn
,
i + 1
kn
)}
(i = 0,1, . . . ,Mn − 1).
In view of (3.8), we have
Mn−1∑
i=0
∫
ωn,i×I
∣∣∣∣
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
∣∣∣∣
p
dx M,
and we deduce that for each n ∈N there exists i(n) ∈ {0,1, . . . ,Mn − 1} such that
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ωn,i(n)×I
∣∣∣∣
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
∣∣∣∣
p
dx  M
Mn
. (3.9)
Consider a sequence of cut-off functions {ϕn} ⊂ C∞c (ω; [0,1]) such that ϕn(xα) = 1 if dist(xα, ∂ω)  i(n)+1kn ,
ϕn(xα) = 0 if dist(xα, ∂ω) < i(n)kn , and ‖∇ϕn‖∞  2kn. For x = (xα, x3) ∈ ω × I , set
wn(x) := ϕn(xα)vn(x) +
(
1 − ϕ(xα)
)(
v(xα) + εnx3a3
)
.
We show that {wn} satisfies (3.4)–(3.6). First, note that for every n ∈ N, we have wn ∈ W 1,p(Ω;R3) and wn(x) =
v(xα) + εnx3a3 = Aεnx, x ∈ ∂ω × I . Thus, (3.4) holds. For each n ∈ N, let Ln0 := {xα ∈ ω: dist(xα, ∂ω)  i(n)+1kn },
Ln2 := {xα ∈ ω: dist(xα, ∂ω) < i(n)kn }, and Ln1 := {xα ∈ ω: dist(xα, ∂ω) ∈ [ i(n)kn , i(n)+1kn )}. We have∫
Ω
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
dx
=
2∑
j=0
∫
Lnj×I
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
dx
=
∫
Ln0×I
W
(
x,
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
)
dx +
∫
Ln1×I
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
dx
+
∫
Ln2×I
W
(
x,
(∇v(xα)∣∣a3))dx.
Thus,∫
Ω
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
dx 
∫
Ω
W
(
x,
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
)
dx + In1
+
∫
Ln2×I
W
(
x,
(∇v(xα)∣∣a3))dx, (3.10)
where In1 :=
∫
Ln1×I W(x, (∇αwn|
1
εn
∇3wn)(x)) dx. The fact that L2(Ln2) → 0 as n → ∞ yields
lim
n→∞
∫
Ln2×I
W
(
x,
(∇v(xα)∣∣a3))dx = 0. (3.11)
Since
∇αwn(x) = ∇v(xα) + ∇ϕn(xα) ⊗
(
vn(x) −
(
v(xα) + εnx3a3
))+ ϕn(xα)(∇αvn(x) − ∇v(xα))
and
1
εn
∇3wn(x) = 1
εn
ϕn(xα)∇3vn(x) +
(
1 − ϕn(xα)
)
a3
for x = (xα, x3) ∈ ω × I , we obtain, in view of the growth condition in (1.14), that
W
(
x,
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x)
)
 Cp
(
1 + ∣∣(∇v(xα)∣∣a3)∣∣p +
∣∣∣∣
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
∣∣∣∣
p
+ ‖∇ϕn‖p∞ ·
∣∣vn(x) − v(xα) − εnx3a3∣∣p
)
for LN -a.e. x ∈ ω × I , where Cp > 0 is a real constant. Thus,
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∫
ωn,i(n)×I
(
1 + ∣∣(∇v(xα)∣∣a3)∣∣p)dx
+ Cp
∫
ωn,i(n)×I
∣∣∣∣
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
∣∣∣∣
p
dx + Cp‖∇ϕn‖p∞
∫
ωn,i(n)×I
∣∣vn(x) − v(xα) − εnx3a3∣∣p dx
 Cp
∫
ωn,i(n)×I
(
1 + ∣∣(∇v(xα)∣∣a3)∣∣p)dx + Cp · M
Mn
+ Cp · 2p · kpn
∫
ωn,i(n)×I
∣∣vn(x) − v(xα) − εnx3a3∣∣p dx,
(3.12)
where we have used (3.9). In view of the definition of kn, we have
k
p
n
∫
ωn,i(n)×I
∣∣vn(x) − v(xα) − εnx3a3∣∣p dx 
(∫
Ω
∣∣vn(x) − v(xα) − εnx3a3∣∣p dx
) 1
2
.
Taking into account (3.12), we deduce that
lim
n→∞ I
n
1 = 0.
Thus, passing to the limit in (3.10), and in view of (3.11) we obtain (3.6). Finally, since
L3
({
x ∈ Ω:
(
∇αwn
∣∣∣∣ 1εn ∇3wn
)
(x) =
(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(x)
})
 L3(ωn × I ) → 0
as n → ∞, we deduce, via Proposition 2.5, that (3.5) holds. This concludes the proof. 
4. Martensitic thin films
Bhattacharya and James [5] proposed the partial differential inclusion
(∇v|b) ∈ SO(3)U0 ∪ SO(3)U1 ∪ · · · ∪ SO(3)Un (4.1)
as a kinematic compatibility condition for thin film deformations (v, b) ∈ W 2,2(ω;R3) × W 1,2(ω;R3) which satisfy
the boundary conditions (1.10). As explained in Section 1, this is a consequence of (1.1)–(1.4), together with the
special form of the approximate effective energy of the thin film given by
E0,0(v, b) =
∫
ω
W(∇αv|b)dx1 dx2,
which follows by setting k = 0 in the expression of the limiting thin film energy Ek,0 (see (1.9)), the latter being
obtained by means of an asymptotic analysis of the total energy Ek,ε as ε → 0+.
In this section, we restrict our attention to the simpler case considered in [5], where the elastic energy density is
independent on x ∈ Ω, and we show that the kinematic compatibility condition proposed by Bhattacharya and James
is still justified in our setting, where higher order terms are absent from the expression of the total bulk energy. Indeed,
it turns out that thin film deformations (v, b) ∈ W 2,p(ω;R3) × W 1,p(ω;R3) (1 < p < +∞) satisfying the boundary
conditions (1.10) and such that (4.1) holds are the underlying deformation–Cosserat vector pairs of a scaled gradient
Young measure which minimizes the effective thin film energy proposed in Theorem 1.3
E0(μ) :=
∫
Ω
∫
M3×3
W(Λ)dμx(Λ)dx,
among all scaled gradient Young measures μ ∈ Y(p,A). In fact, this Young measure minimizer of E0 is the simplest
element of Y(p,A) with underlying deformation v and Cosserat vector b.
To justify this, consider a pair (v, b) ∈ W 2,p(ω;R3) × W 1,p(ω;R3) satisfying the boundary conditions (1.10)
and the compatibility condition (4.1). We first claim that the family of parametrized probability measures
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and define the sequence {vn} ⊂ W 1,p(Ω;R3) by
vn(x1, x2, x3) := v(x1, x2) + εnx3b(x1, x2), x = (x1, x2, x3) ∈ Ω.
Since(
∇αvn
∣∣∣∣ 1εn ∇3vn
)
(xα, x3) = (∇v|b)(xα) + εnx3
(∇b(xα)∣∣0),
we deduce that (∇αvn| 1εn ∇3vn) → (∇v|b) strongly in Lp(Ω;M3×3) as n → ∞, and in view of Proposition 2.5, the
sequence {(∇αvn| 1εn ∇3vn)} generates the Young measure {δ(∇v(xα)|b(xα))}x∈Ω . Since vn(x) = Aεnx, x ∈ ∂ω × I , it
follows that
{δ(∇v(xα)|b(xα))}x∈Ω ∈ Y(p,A).
Taking into account (1.3), (1.4), and (4.1), we have that∫
ω×I
∫
M3×3
W(A)dδ(∇v(xα)|b(xα)) dx =
∫
ω
W
(∇v(xα)∣∣b(xα))dxα =
(
min
Λ∈M3×3
W(Λ)
)
L2(ω).
On the other hand,
inf
μ∈Y(p,A)
E0(μ) inf
μ∈Y(p,A)
∫
Ω
∫
M3×3
(
min
Λ∈M3×3
W(Λ)
)
dμx(A)dx =
(
min
Λ∈M3×3
W(Λ)
)
inf
μ∈Y(p,A)
∫
Ω
μx
(
M
3×3)dx
=
(
min
Λ∈M3×3
W(Λ)
)
L2(ω).
We deduce that∫
ω×I
∫
M3×3
W(A)dδ(∇v(xα)|b(xα)) dx = min
μ∈Y(p,A)
E0(μ).
Thus, the scaled gradient Young measure {δ(∇v(xα)|b(xα))}x∈Ω minimizes the effective thin film energy E0 given
by (1.16) over Y(p,A).
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